We investigate D-branes on a noncompact singular Calabi-Yau manifold by using the boundary CFT description and calculate the intersection form of boundary states. The B-type D-branes turn out to be characterized by cycles of compact positively curved manifold. We compare the intersection form of the cycles in the positively curved manifold with the open string Witten index of the CFT. Also we give geometric interpretations to these boundary states in terms of coherent sheaves of the manifold.
Introduction
D-branes are the key objects by which we can study the nature of various string theories. The Cardy's boundary CFT method [1] is a very powerful tool to investigate the D-branes in curved spaces.
Recently there is a great progress [2, 3] to study properties of charges, boundary states [1, 4] based on Gepner model [5, 6] . For large classes of Calabi-Yau manifolds, associated boundary states are constructed and susy cycles are investigated based on these states in CFTs [7] [8] [9] [10] [11] , [2, 3, [12] [13] [14] [15] [16] [17] . They consider the D-branes as the "rational boundary states" , that is, Cardy states realized as some linear combinations of tensor products of Ishibashi states of each minimal model. There appear many consistency checks about their charges, intersection forms of homology cycles. However these analyses are restricted to compact Calabi-Yau cases.
In [18] , Giveon et al proposed that a string theory on a noncompact singular Calabi-Yau manifold X represented by a hypersurface F (z 1 , . . . , z n+1 ) = 0 in C n+1 can be described by a CFT as R φ × S 1 × LG(W = F ). Here R φ is a linear dilation and LG(W = F ) is the two dimensional N = 2 Landau-Ginzburg theory with the superpotential F . Also, in [19] [20] [21] [22] [23] , it is shown that modular invariant partition functions can be constructed in cases that LG(W = F )'s are minimal models or direct products of minimal models and associated string theories on these singular spaces could exist consistently.
They are extensions of Gepner models from compact manifolds to noncompact varieties with singularities.
The aim of this paper is to develop a method to construct boundary states of noncompact singular Calabi-Yau manifolds and to investigate their properties in order to understand structures of moduli spaces in the open string channel. In this paper, we explore the "rational" D-branes on a noncompact singular Calabi-Yau manifold by applying the Cardy's method to the Gepner-like description of the noncompact singular Calabi-Yau manifold.
As a result, an intersection form turns out to be factorized into a sum of θ 1 (i∞)(= 0) and nontrivial one in the same way as the closed string Witten index [21] does. We investigate the nontrivial factor in the intersection form and show that they coincide with the intersection pairing of cycles in the manifold X/C × .
To confirm the validity of this claim, we calculate the intersection form of B-type cycles in X/C × concretely by applying geometrical methods to a special case. There X/C × is written as a Fermat type hypersurface z N 1 + · · · + z N r = 0 in CP r−1 . We compare it with the result in the CFT calculation.
The paper is organized as follows. In section 2, we review the Gepner-like description of noncompact singular Calabi-Yau manifolds and fix our convention. In section 3, we construct the boundary states of the noncompact manifold in the Gepner-like description and study intersection number between these states. This intersection pairing is understood as an index of Dirac operator with a pair of boundary bundles and we compare the result in the CFT with the geometrical ones. Also we give geometrical interpretations to cycles associated with the boundary states in terms of coherent sheaves in section 4.
Charges of D-branes wrapped on the susy cycles are realized as characteristic classes of the sheaves. Section 5 is devoted to conclusions and discussions. In appendix A, we summarize several useful properties of theta functions. Periods near the orbifold point are collected in appendix B. Also formulas of periods in the large volume region are shown concretely in appendix C. 2 The closed string theory on a noncompact singular Calabi-Yau manifold
In this section, we summarize the Gepner-like description of the closed string theory on a noncompact singular Calabi-Yau n-fold X. We mainly use the same conventions as in the paper [21] .
We assume that the X is realized as a zero locus F (z 1 , . . . , z n+1 ) = 0 in C n+1 , where F (z) is a quasi-homogeneous polynomial and satisfies a relation
It is proposed in [18] that the string theory on such a X is described by a model
where R φ is a real line with a linear dilaton background and LG(W = F ) is a scale invariant theory realized in an IR limit of the Landau-Ginzburg theory with the superpotential F . In this paper we consider the case where LG(W = F ) is described as a direct product of A-type minimal models, namely, the polynomial F is written as a linear combination of constituent minimal models
Here the Landau-Ginzburg theory is composed of r minimal models and the level of the j-th minimal model is N j − 2.
The remaining parts R φ × S 1 have worldsheet N = 2 superconformal symmetry. We denote the bosonic coordinates of R φ and S 1 by φ and Y , respectively, and the fermionic counterparts of R φ and S 1 by free fermions ψ ± . Then the N = 2 superconformal currents are expressed as
The Liouville field φ has a background charge Q and the associated central charge of this algebra is given asĉ (:= c/3) = 1 + Q 2 . Since we are considering the string theory on a Calabi-Yau n-fold, the central charge should satisfy a consistency conditionĉ = n. When we take into account of the background charge Q of R φ , the condition on the central charge is represented as
It means that the background charge Q is determined from parameters of minimal models r, N j through a relation
For simplicity, we concentrate on the case that n − 1 − r ≡ 0 mod 2 in this paper. Then KQ 2 is an even integer with K = lcm(N j ) and we can define an integer J as
Next let us construct the modular invariant partition function of this model. As a consistency condition, we have to pick up only the states with integral U(1) charges since we want a Calabi-Yau CFT. First the linear dilaton φ does not have any U(1) charge and we can independently consider the partition function
The other parts, Y, ψ ± and fields in the minimal models carry U(1) charges, and we must apply a GSO projection to them. Let us consider first the case of Y . If we consider the Verma module with primary field e ipY for a real number p, the character of this Verma module is q p 2 /2 /η(τ ), where q = exp(2πiτ ). Also one can see the U(1) charge of this Verma module is pQ. We should take the case that KpQ is an integer, since the U(1) charges of other parts are (integer)/K's and total U(1) charge should be an integer. When we write KpQ = 2KJu + m 0 with two integers u, m 0 and sum up the character for all u ∈ Z, then we obtain a relation
This implies that the U(1) charges of the states included in these Verma module are m 0 /K's mod 2J.
Next we shall consider fermionic parts. The Verma modules of two fermions ψ ± are characterized by an integer s 0 = 0, 1, 2, 3. The states with s 0 = 0, 2 belong to the NS sector, and ones with s 0 = 1, 3 are states in the R sector. The characters of these Verma modules are expressed by using theta functions Θ s 0 ,2 (τ )/η(τ ).
Last we study a Verma module of a minimal model. An arbitrary state in this model is labelled by three integers (ℓ, m, s). They take their values in the following ranges
The states with s 0 = 0, 2 belong to the NS sector, and ones with s 0 = 1, 3 are R-sector states. From now on, we denote the character of this Verma module as χ ℓ,s m (τ ) In order to consider the whole Verma module of a set of minimal models, we introduce the following vector notations ℓ = (ℓ 1 , . . . , ℓ r ), m = (m 0 , m 1 , . . . , m r ),
where (ℓ j , m j , s j ) is a set of indices of the Verma module in the j-th minimal model and m 0 and s 0 were defined above. By collecting contributions of constituent minimal models, we can write down the character of the Verma module for ( ℓ, m, s) as
As a consistency condition, we must impose a modular invariance on the total partition function since we want a Calabi-Yau CFT and may use only the states with integral U (1) charges. For this purpose, we will write down transformation laws of characters f a under modular transformations τ → τ + 1 and τ → −1/τ
Here we introduced a notation a = ( ℓ, m, s). To make a modular invariant partition function with these states, we further introduce a special vector β in the same type of m β = (−2J, 2, . . . , 2).
Then, the charge of a state in the Verma module a = ( ℓ, m, s) is obtained as an inner product of vectors β and m
With this notation, we write down the NS-sector partition function as a combination of characters
Similarly the RR-sector counterpart can also be calculated as
It is nothing but a Witten index of the model and geometrical properties of the target manifolds are encoded in this formula.
We can check that these partition functions actually satisfy right modular properties and construct consistent string theories propagating in singular target manifolds. The picture in this section is based on the closed strings on the singular manifolds. However • A-type boundary condition
Here, ε = 1 in the NS sector, and ε = −1 in the R sector.
First we consider boundary conditions in the N = 2 Liouville sector. Using N = 2 superconformal currents represented by free fields (2.1), we express boundary conditions for free fields φ, Y and ψ ± ;
We make a remark here; We don't consider a Dirichlet boundary condition for the linear dilaton field φ because it has a very subtle problem. For an example, if we naively take a boundary condition of φ as ∂φ = −∂φ, then, from the form of the current (2.1), we can
show that the boundary condition on the stress tensor does not satisfy T =T . So, we conclude that ∂φ = −∂φ is not a good boundary condition.
In the previous section, we consider closed strings on the Calabi-Yau manifold. In that case, modular transformations play essential roles in constructing consistent string theories. In the open string case, important information on modular transformations are encoded in the annulus amplitudes. So we will consider the annulus amplitudes and study modular properties of them.
It is well-known that the annulus amplitude is calculated either as an open string 1-loop partition function or as a closed string transition amplitude from one boundary state to the other. We denote the moduli parameter of the annulus by τ 2 . It is the radius of the circular direction of the annulus when we normalize the length of the perimeter to π. Also we use the following notations in the open string channel
On the other hand, we use the following notations in the closed string channel
because it is more useful to set the radius of the circle to be 1 in the closed string case.
Then the length of the segment becomes πτ 2 = π/τ 2 .
Now we introduce a boundary state |B L for the linear dilaton. It is determined uniquely because the boundary condition on the linear dilation is always Neumann type and has no free parameters. In following discussions, we don't need the explicit form of |B L , but only need the amplitude from |B L to |B L , equivalently annulus amplitude.
In fact, by calculating one loop amplitude of the linear dilation in the open string channel
with the Neumann boundary condition, we can easily obtain the annulus amplitude of the linear dilation
However this amplitude is not relevant for our discussions, and we neglect the linear dilation sector in the rest of this paper.
As a second case, we look at the S 1 sector. The boundary states in the bosonic S 1 sector are expressed by ordinary coherent states. For the A-type (Dirichlet) boundary condition, the associated state is expressed as
where |p,p is the closed string Fock vacuum with zero mode eigenvalues p andp. For the B-type (Neumann) boundary condition, we can obtain the boundary state by changing signs ofȲ n ,p for the A-type case
In the following discussions, we sometimes omit the subscripts A, B when the methods of calculations are applicable in both types of states.
With these boundary states, the transition amplitude is evaluated for the S 1 sector by using the Dedekind eta function
But this amplitude does not have good properties under modular transformations. In order to improve this defect, we take a linear combination of |p 's in the same manner as that in the closed string "Verma module" case and define a state |m 0
In this case, an associated transition amplitude between |m 0 and |m 0 ′ are expressed as a combination of a theta function and the eta function
It has nice properties under modular transformations and we take this as a candidate of constituent block of a total boundary state. In the next subsection, we collect results about boundary states of various constituent fields discussed in this section and analyze a total boundary state of the whole theory.
Total boundary states and the intersection form
In this subsection we consider the whole theory realized as a product of various models
and construct associated boundary states.
In order to complete this program, we still have to make boundary states associated with minimal models. It seems difficult to construct full boundary states associated with the tensor product of minimal models. In this paper, we shall concentrate on "rational boundary states". They are constructed as (linear combinations of) tensor products of boundary states of sub-theories and are expressed as (omitting the R φ part)
Here the index a is the same symbol as that used in the section 2, and |ℓ j , m j , s j 's are ordinary Ishibashi states of minimal models [8] .
The choices of boundary types lead to make differences in allowed states. For the A-type boundary state, the U(1) charges of the left and right movers are the same and all the A-type boundary states with the condition (2.3) are available. On the other hand, for the B-type boundary condition, the U(1) charges of the left and right movers have the same absolute values but opposite signs and the allowed states must satisfy a condition
Using above Ishibashi states, we can construct the Cardy states with appropriate coefficients determined by the S matrix under the S modular transformation. In the next two subsections, we try to construct Cardy's states concretely for A-type and B-type cases. 
A-type boundary states
where a symbol 0 := ( ℓ = 0, m = 0, s = 0) is introduced. The normalization constant κ A α is determined so that the states |α A satisfy Cardy conditions of the cylinder amplitudes. 
The symbol beta means the sum is taken under the beta constraint we discussed in the previous section. Also the terms B a α B ã α * S aa ′ are reexpressed as
To evaluate the sum Thus we obtain the partition function of the open string in the NS-sector
where ξ α is a constant related with κ A α . The symbols N This index has information on the intersection numbers between two cycles in the geometric language and we compare these results with those obtained by purely geometrical
techniques.
Concretely the open string Witten index is calculated in the closed string channel by evaluating the RR amplitude between |α A and A α| with an insertion of (−1) F L .
Using the Cardy states we obtained, an associated open string Witten index is expressed as
By using the fact that only the ground states contribute to the Witten index, we obtain a concrete formula for this
Actually this index vanishes because a relation is satisfied θ 1 (i∞) = 0. In the next subsection, we construct a B-type boundary states associated with this singular manifold.
B-type boundary states
In contrast to the A-type boundary condition, available Ishibashi states are restricted to those with m = 1/2 b β , b ∈ Z for the B-type case. Then, a Cardy state of the B-type boundary condition is defined as a linear combination of Ishibashi states
Since 
where ζ α is a constant proportional to κ B α . Also this formula leads us to calculate an open string Witten index
This index vanishes for the same reason as that in the A-type case.
In this and the previous subsections, we construct concretely boundary states for the A-,B-type cases. In the next subsection, we take a simple class of manifolds for an example and calculate its intersection form. That is compared with a geometric result in the next section and confirms the validity of our results about boundary states.
A simple class of manifolds
In the previous subsection, we showed that the intersection form vanishes. But it is factorized into θ 1 (i∞)(= 0) and a rather nontrivial factor. In this subsection, we take a simple class of manifolds for an example and consider the meaning of the nontrivial factor.
For simplicity, we concentrate on the B-type boundary states. The singular manifold X is realized as a fibered space over X/C × [21]
where the symbol "× f " means a fibration. In the Gepner-like description, X/C × seems to correspond to a direct product of the minimal models and C × seems to be related Let us consider a simple case that X is written as
Moreover, we concentrate to the boundary states with L = S = 0 to simplify our analyses.
Also we may set ζ α = 1 in Eq.(3.2) because the Cardy condition is satisfied even for that case. In this case, the boundary states are labelled only by the index M. Then we can write down a nontrivial factor of the B-type intersection form explicitlŷ
Because M andM should be even integers, we can introduce integers a, b (a, b = 0, 1, . . . , N− 1) as a = M/2 and b =M /2. The intersection form is represented in a compact formulâ
It depends on only variables a and b and is interpreted as a N × N matrix I G
Here the shift matrix g is represented as an matrix with N × N entries
We compare this result with a calculation of an intersection pairing in terms of geometrical methods in the next section.
Geometric interpretation
In this section, we analyze topological properties of the manifold M = X/C × discussed in the previous section. The study here is based on geometrical methods and we compare results of intersection pairings obtained from two different approaches. It confirms the validity of our boundary states we constructed in the CFT.
Intersection pairing
In this section, we interpret the results in the Gepner model geometrically. [30] [31] [32] [33] . Also applications to N = 2 gauge theories are proposed in papers [34] [35] [36] .)
The cylinder amplitude is interpreted as an index of the Dirac operator with boundary gauge bundles (E, E ′ ). In other words, it is a natural inner product on these bundles and is expressed as a relative Euler characteristic
From now on, we use an abbreviated notation R a for O(−a) (a = 0, 1, · · · , r − 1).
Next we construct a dual basis {S
They satisfy orthonormal conditions with respect to the intersection pairing
The set of line bundles {O(a)} (a = 0, 1, · · · , r − 1) is a strongly exceptional collection of the V = CP r−1 and turns out to be a foundation of an associated helix of V . We can introduce an operation "left mutation L" on the set {O(a)} as exact sequences 
After performing the sum with respect to m in Eq.(4.6), we can rewrite the intersection pairing as
Here we used a relation M (· · · ) = V NH × (· · · ). Thus we obtain an expression for the pairing They satisfy a set of orthonormal conditions
Then we can evaluate a pairing for each pair of elements S [a] , S [b] (a, b = 0, 1, · · · , N − 1)
On the other hand, we calculated another intersection matrix I G in Eq.(3.4) of boundary states in the Gepner model for this case
One can express each component of the I G t in an (a, b)th entry
This result Eq.(4.9) coincides with that in the geometric intersection Eq. Our analyses are based on investigation of the geometric properties of M. But we started originally a singular Calabi-Yau manifold in the Gepner model. In the next section, we will explain relations between results in this subsection and those in the Calabi-Yau case.
Singular Calabi-Yau manifold
In this subsection, we study a singular Calabi-Yau n-fold M realized as a zero locus in a weighted projective space (z 0 , z 1 , z 2 , · · · , z r ) ∈ CP r (−(r − N), 1, 1, · · · , 1) ,
In the context of local mirror symmetries, this singular Calabi-Yau manifold can be in- 
The total number of periods is (r − 1) and (K ′ − 1) solutions have logarithmic behaviors near w ∼ 0. Precise formulae of these periods are summarized in the appendix B.
In the previous sections, we investigate properties of this model at an orbifold point µ P ∼ 0 based on the Gepner model. When we look at the set of periods, some set of these Π ρ (in the Cases I,II in the appendix B) are combined into a basis of a Z N symmetry at the orbifold point w = 0 Π m/N (e 2πi w) = e 2πi m N Π m/N (w) , ρ = m N (m = 0, 1, 2, · · · , N − 1) .
The Z N action is diagonalized on this set and this is an appropriate basis to describe structures near the orbifold point in the moduli space. It corresponds to N elements of the basis in the Gepner model we discussed in the section 3. Now we note that the limit w → 0 is also realized when µ 0 in M tends to zero. The parameter µ 0 is a coefficient of the singular part z −u 0 and this operation µ 0 → 0 turns out to reduce M to M formally.
That is the reason why the geometric properties of M appear at the orbifold point.
Next we continue these Π ρ (ρ = m N ; m = 1, 2, · · · , N − 1) analytically in a large radius region and investigate their classical parts Π cl ρ . Because we want to clarify their geometrical properties, it is enough to restrict ourselves to these geometric parts Π cl Here the Chern characters of bundles R a or equivalence classes R [a] appear naturally and these are combined into an appropriate basis to describe properties in the orbifold point.
Also we show full formulae of the Π ρ=m/N in the appendix C.
Our results based on the CFT are completely satisfactory and have appropriate geometrical interpretations. But the singular Calabi-Yau manifold has vanishing cohomology elements indicated in the paper [21] . They are interpreted to be missing objects in the CFT calculation as pointed in [21] [22] [23] . Our analyses in the section 3 are based on the Gepner model and we do not have enough understanding of these vanishing elements.
The study of them might be possible in the language of local mirror symmetries. But we do not touch on them and postpone investigations of these singular properties in a future work.
Conclusion
In this paper, we developed a method to construct the boundary states in terms of the Gepner-like description of a noncompact singular Calabi-Yau manifold. We realize the singular Calabi-Yau manifold as a product of the Liouville part, S 1 part and tensor products of minimal models.
First we analyzed boundary conditions that can be imposed on fields in the Liouville and S 1 sectors. There are consistent A-,B-type conditions but the Liouville field always must take a Neumann type condition. We find that this fact is reduced to the structure of the manifold X. It is represented as a C × fibration over X/C × and the C × part is extended in the noncompact direction. Also the model has a linear dilaton background and the Liouville field is necessarily extended in the noncompact direction. It is the reason why the boundary condition of the Liouville field are free (Neumann type) in this C × direction and it induces a trivial structure.
In section 3, we construct boundary states in the A-,B-type cases and calculate the intersection number between the boundary states. In both cases, the intersection forms have a trivial factor θ 1 (i∞). It has its origin on the trivial structure of the C × direction.
Also that is related with the Neumann type condition we impose on the Liouville field.
In addition to this trivial factor, the intersection forms have nontrivial factors. We can express these factors explicitly and analyze their geometrical properties. Especially they are related with B-type D-branes wrapping around the fibered space (cycle of X/C × ) × f C × .
In this paper, we only treat the Neumann boundary condition for the linear dilation, in other words, D-branes wrapped on noncompact cycles on the noncompact manifold.
It remains an important problem whether we are able to consider the D-branes wrapped on compact cycles on the noncompact manifold i.e. vanishing cycles. To consider the vanishing cycles, we need to impose some Dirichlet-like boundary condition on the N = 2
Liouville theory in the noncompact direction. When one naively imposes a Dirichlet condition on the φ, the boundary condition of stress tensor T is broken. It makes the analysis of φ difficult and we do not touch on this problem in this paper.
In section 4, we compare the cycle of X/C × and the nontrivial factor of the intersection form of the B-type boundary states. They have suitable geometrical interpretations and associated intersection form coincides with pairing of coherent sheaves of the manifold.
That is to say, the boundary states constructed here are identified with the S a 's (or equivalence classes S [a] 's) and those are turned out to be a dual set of homology cycles. It is analogous to the compact Calabi-Yau cases [24] [25] [26] [27] [28] [29] . However for the compact Calabi-Yau cases, ambient spaces play crucial roles in the interpretations of the states in the geometrical language. In these cases, coherent sheaves of the ambient spaces are related with the boundary states through restrictions on the hypersuafaces. In contrast, for our noncompact Calabi-Yau cases, the Ricci positive manifolds M in the singular CY's essentially encode information on geometrical properties of the boundary states. The noncompact direction controlled by the Liouville field φ seems to lead a trivial contribution to our analyses because we always take a Neumann type condition on the φ. When we discard this trivial contribution associated with the φ, the remaining parts could be understood from the geometric data of the M.
Our results based on the CFT are completely satisfactory and have appropriate geometrical interpretations. But the singular Calabi-Yau manifold has vanishing cohomology elements indicated in the paper [21] . They are interpreted to be missing objects in the CFT calculation as pointed in [21] [22] [23] . Our analyses in the section 3 are based on the Gepner model and we do not have enough understanding of these vanishing elements. In fact, we calculated the full intersection number between the boundary states and showed it is actually zero. The reason why intersection number vanishes seems to be that we treat the N = 2 Liouville theory as a free field theory and set the "cosmological constant" µ 0 to 0. The geometrical meaning of this is that the singularity is not deformed. In [37] , it is proposed that if the Liouville potential term is treated appropriately, then nonzero intersection numbers could be obtained. But our analyses here are based on the CFT calculations at the Gepner point and it seems that we study models with the "cosmological constant" µ 0 = 0. That is consistent with the result [37] . More precise studies of them might be possible in the language of local mirror symmetries. But we do not touch on them and postpone investigations of these singular properties in a future work. A ℓℓ ′ = 2 N sin π (ℓ + 1)(ℓ ′ + 1) N .
Here the symbol even ℓ,m,s means sums for (ℓ, m, s) under conditions ℓ + m + s ≡ 0 mod 2. Also we use the notation f (τ ) for a function f (τ, z) of τ, z with substituting z = 0.
The SU(2) fusion coefficients N ℓ 3 ℓ 1 ℓ 2 for ℓ 1 , ℓ 2 , ℓ 3 = 0, 1, . . . , N − 2 are calculated in the following form
We can extend this definition satisfied for all integer ℓ 1 , ℓ 2 , ℓ 3 by using relations N ℓ 3 ℓ 1 ℓ 2 = N −ℓ 3 −2
. Then, the Verlinde formula
is satisfied.
Appendix B. Periods near the orbifold point
We We use solutions in the Cases I, II to discuss Z N properties of the M. The solutions in the Case IV have logarithmic behaviors near the orbifold point.
